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The efficiencies/coefficients of performance of three-terminal devices, comprising two electronic
terminals and a thermal one (e.g., a boson bath) are discussed. In particular, two procedures
are analyzed. (a) One of the electronic terminals is cooled by investing thermal power (from the
thermal bath) and electric power (from voltage applied across the electronic junction); (b) The
invested thermal power from the boson bath is exploited to cool one electronic terminal and to
produce electric power. Rather surprisingly, the coefficient of performance of (b) can be enhanced
as compared to that of (a).
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I. INTRODUCTION
Achieving high efficiencies and coefficients of perfor-
mance in thermoelectric nanodevices is one of the main
goals of contemporary research on these effects. It is
well-known that a strong energy dependence of the elec-
tronic transport is a prerequisite for efficient thermoelec-
tric phenomena involving charge carriers, e.g. the See-
beck effect. In a seminal paper Mahan and Sofo1 pro-
posed (Kedem and Caplan2 advanced related ideas in
1965) that high values of the thermoelectric efficiency
of a two-terminal electronic device are obtained when
the energy-dependent conductance has a sharp structure
away from the nearly-common chemical potentials of the
leads. Following this proposal there were quite a few at-
tempts to achieve effectively narrow electronic bands, es-
pecially in nanostructures with transmission resonances
and where the enhanced scattering of phonons at in-
terfaces also reduces the phononic heat conductance.3
Examples are quantum-well superlattices and quantum
wires,4 and crystalline arrays of quantum dots.5 Like-
wise, the possibility to approach in nanostructures the
limit of reversible processes, for which the efficiency is
the highest, has been pursued,6 as well as the maximal
efficiency at finite output power (see e.g. Ref. 7 and
references therein).
A different way to achieve strongly energy-dependent
transport is to consider inelastic processes, in which the
electrons interchange energy with a boson bath, e.g., pho-
tons or electron-hole excitations (see Fig. 1). The boson
bath coupled to the electronic system represents the third
terminal, making the setup a three-terminal one. In such
devices, in addition to the normal thermoelectric effects
in the two electronic terminals, there can arise thermo-
electric phenomena due to the energy transfer between
the thermal terminal and the electronic ones. Physically,
this is because the energy exchange between the elec-
tronic and bosonic systems induces electronic (charge and
heat) currents.
Various three-terminal thermoelectric devices and pro-
cesses have been proposed: setups designed for cooling-
by-heating (CBH) processes, for which the bias voltage
is kept zero and one of the electronic terminals is cooled
by the thermal bath;8 three-terminal junctions based on
molecular bridges, where the charge carriers interchange
energy with the vibrations of the molecule forming the
bridge;9 rectification of thermal fluctuations in chaotic
cavities;10 two-sites nanostructures based on the inelastic
phonon-assisted hopping;11,12 cooling a two-dimensional
electron gas (which plays the role of the thermal bath)
at low temperatures by elastic electron transitions to
and from the leads;13,14 quantum ratchet converting the
nonequilibrium noise of a nearby quantum point con-
tact to dc current;15 carbon nanotubes designed to ex-
tract energy from a discrete local oscillator at ultralow
temperatures;16 junctions connected to several electronic
terminals;17–19 and cooling the vibrational motion by
charge current.20
For a two-terminal system converting thermal energy
into work or conversely cooling one of the terminals by
investing work, the maximal efficiency is achieved in the
reversible Carnot thermodynamic cycle. When there are
more than two terminals, one may define various efficien-
cies (or equivalently, coefficients of performance) and ex-
plore their limits in a reversible process. In Sec. II we ex-
amine, on general thermodynamic grounds, two cooling
scenarios feasible in a three-terminal setup and analyze
their efficiencies for zero entropy production. Section III
defines the currents and the thermodynamic forces driv-
ing them, and uses those to re-express the coefficients of
performance introduced in Sec. II. In these two sections
we examine the coefficients of performance achieved in
the corresponding reversible processes. Things become
even more exciting once a specific model is introduced (in
Sec. IV), and the efficiency is analyzed allowing for ‘par-
asitic’ processes in the junction, represented in our case
by (unavoidable) phonon heat conductances (see Sec. V).
We find that the three-terminal setup has interesting fea-
tures. (a) When used to cool one of the electronic termi-
nals by investing work (or alternatively an electric power)
and heat from the boson bath, the working range of the
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2device increases as the latter increases; (b) Depending
on phonon conductances, the coefficient of performance
for joint cooling and power production may be enhanced
compared to the situation where work is invested. We
summarize our results in Sec. VI.
II. GENERAL THERMODYNAMIC
CONSIDERATIONS
The ubiquitous electronic thermoelectric nanodevice
consists of a junction bridging two electronic terminals
held at different temperatures and chemical potentials.
We denote those by µL and TL for the “left” electronic
terminal, and µR and TR for the “right” one. Our three-
terminal setup includes in addition a thermal terminal
supplying bosons (e.g., phonons, photons, electron-hole
excitations), thus allowing for inelastic transport pro-
cesses of the charge carriers moving in-between the elec-
tronic terminals. The boson bath is kept at yet another
temperature, denoted TT (see Fig. 1).
We begin by examining the three-terminal efficiency or
coefficient of performance (COP) from a thermodynamic
point of view, adopting a configuration similar to the
cooling-by-heating (CBH) one.8 We choose to cool the
left, L, terminal and dump the heat into the right, R,
one, taking
TL < TR . (1)
Quite generally, a “double-driving” can be exploited,
comprising both invested work Win (supplied for in-
stance, by an electric current) and heat QT (produced by
the thermal reservoir at temperature TT ), to take heat
QL from the L terminal and dump heat −QR into the R
one.21 In the usual two-terminal thermoelectric cooling
scenario QT = 0 and the cooling is accomplished solely
by the work Win. The efficiency of this process when it
is reversible, ηcbe, is
ηcbe = TL/(TR − TL) . (2)
The other particular scenario is when no work is invested,
Win = 0, and cooling is achieved by QT , i.e., the CBH
process, with the reversible efficiency ηcbh
ηcbh = ηcbe[1− (TR/TT )] =
1− (TR/TT )
(TR/TL)− 1
. (3)
To interpolate between these two limits we introduce the
parameter α = Win/QT ; in the first scenario α =∞ and
in the second α = 0. In general, α depends on the driving
forces (see Secs. IV and V).
The cooling efficiency for the joint process, i.e., the
COP, is defined by
ηa =
QL
Win +QT
=
QL
−QR −QL , (4)
ΜL, TL ΜR, TR
TT
FIG. 1: (Color online) The three-terminal setup. The elec-
tronic reservoirs on the left and on the right are characterized
by their respective temperatures, TL and TR, and chemical
potentials, µL and µR. The thermal (boson) terminal is held
at a third temperature, TT . The thin (red) lines indicate the
bosons’ flux exchanged between the electronic system and the
thermal boson bath.
where the second equality results from energy conserva-
tion
−QR = QL +Win +QT . (5)
Since the reservoirs are each in equilibrium, the corre-
sponding entropies are
S` = Q`/T` , (` = L, R, T ) , (6)
and the total entropy increment due to the process, ∆S,
is
∆S = SL + ST + SR . (7)
In a reversible process ∆S = 0; the corresponding COP,
ηreva , is then [using Eqs. (5), (6), and (7)]
ηreva = ηcbe
[
1− TR
TT (1 + α)
]
. (8)
As expected, large values of α give ηcbe, Eq. (2), while
α = 0 yields the maximal efficiency of the cooling-by-
heating process, Eq. (3). Any finite positive α gives
ηreva < ηcbe, as follows trivially from Eq. (8). So, we lose
efficiency by adding the CBH power. On the other hand,
ηreva > ηcbh, so we gain efficiency compared to a pure
CBH process. The advantages of the double driving are
that we get more cooling power, that the working region
of the device increases (see Secs. IV and V) and that
for realistic purposes, one could use the free sun as the
thermal terminal,8 which reduces the efficiency by a few
percent only.
Next we consider the case where part of the invested
heat QT from the thermal terminal is exploited to cool
the left electronic terminal and part of it is converted
to useful work, Wout. Energy conservation in this case
yields QT +QL = Wout −QR, while the efficiency is
ηb =
QL +Wout
QT
. (9)
3For a reversible process, the efficiency of the thermal ter-
minal, which supplies both the useful work and the cool-
ing of the left electronic terminal is 1− TR/TT , i.e.,
QT =
Wout +Wc
1− TR/TT
, (10)
where Wc is the work used for cooling. As for a reversible
process the efficiency of cooling is ηcbe, Eq. (2), it follows
that
QL =
Wc
(TR/TL)− 1
. (11)
Inserting22 the relations (10) and (11) into Eq. (9) yields
ηrevb =
(
1− TR
TT
)
[w + ηcbe(1− w)] , (12)
where w is the fraction of the work produced in the pro-
cess,
w =
Wout
Wout +Wc
. (13)
Remarkably enough, the reversible efficiency increases
with w when ηcbe < 1 and decreases when ηcbe > 1.
We return to this point in Sec. III. Like the ratio
α = Win/QT , w also depends on the driving forces (see
Secs. IV and V).
For completeness, we recast the above reasoning into
the configuration in which the thermal terminal is cooled
by both work done (e.g., by electrical current between
the left and the right terminals, see Ref. 20) and a heat
flow between L and R, (here we take TT < TR < TL).
The coefficient of performance for this process, [replacing
Eq. (4)] is
η˜ =
QT
Win +QL
=
QT
−QR −QT
, (14)
and for a reversible process [i.e., ∆S = 0, see Eq. (7)]
η˜rev = η′[1− TR
TL(1 + α
′)
] , (15)
where α′ = Win/QL and η′ = TT /(TR − TT ) is the usual
Carnot efficiency for cooling a terminal at temperature
TT by moving heat to a terminal having temperature
TR, using pure work. When α
′ → ∞ the reversible-
process efficiency becomes simply η′, while for α′ → 0
the expression in the square brackets in Eq. (15) be-
comes 1− (TR/TL). This is just the Carnot efficiency for
converting the heat moved between the left and the right
terminals to work. Equation (15) is then the reversible
efficiency for CBH, as found and explained by the first of
Refs. 8 [see their Eq. (11)].
The above is very general, beyond linear-response
transport. It is straightforward to introduce the (neg-
ative) correction to the efficiency when the total entropy
production (waste) is positive, as discussed in Sec. V.
III. CURRENTS AND FORCES
Having set the thermodynamic basis for defining ef-
ficiencies (or coefficients of performance) in a three-
terminal device, we proceed to examine those from an-
other point of view, by considering the currents flowing in
the system and the thermodynamic forces driving them.
The thermodynamic driving forces and the currents
conjugate to them can be defined unambiguously by con-
sidering the entropy production of the device. In terms
of the heat/entropy production in the thermal terminal
and in the electronic L and R terminals, Q˙T , Q˙L, and
Q˙R respectively, the entropy production is [cf. Eqs. (6)
and (7)]
∆S˙ =
Q˙T
TT
+
Q˙L
TL
+
Q˙R
TR
. (16)
The rate of the heat produced in each of the electronic
reservoirs is Q˙` = E˙` − µ`N˙`, ` = L or R (E` is the total
energy of the `−th electronic reservoir, and N` is the
number of charge carriers there). Energy conservation
implies that
Q˙T + Q˙L + Q˙R = −µLN˙L − µRN˙R , (17)
while charge conservation gives N˙L + N˙R = 0. Since the
particle current emerging from the left electronic termi-
nal is
JL = −N˙L , (18)
it is seen that the right-hand side of Eq. (17) is just the
Joule heating in the system, JL(µL − µR).
Exploiting the conservation laws, the entropy produc-
tion relation Eq. (16) becomes
TR∆S˙ = JL(µL − µR) + JQL
(
1− TR
TL
)
+ JQT
(
1− TR
TT
)
.
(19)
Here we have chosen the temperature of the right elec-
tronic bath as the reference temperature, and introduced
the heat currents leaving the left terminal
JQL = −Q˙L , (20)
and the one leaving the thermal one
JQT = −Q˙T . (21)
As usual, the entropy production Eq. (19) appears as a
(scalar) product of a vector consisting of the three cur-
rents, JL, J
Q
L , and J
Q
T , with a vector comprising the driv-
ing forces, the electric one,
µL − µR = |e|V , (22)
and the two thermal ones, given by the temperature dif-
ference across the electronic junction and between the
4electronic system and the boson bath. We shall confine
ourselves to the configuration where the left electronic
terminal is to be cooled and will also use the thermal
terminal as the chief power supplier. Then the lowest
temperature of the three is TL and the highest one is TT .
Accordingly, the thermal driving forces are (TR/TL)− 1
and 1− (TR/TT ).
One can imagine various scenarios for cooling the
L−electronic terminal in the three-terminal junction de-
picted in Fig. 1. Here, as in Sec. II, we focus on two
specific situations. We present for each of them the rele-
vant coefficient of performance (COP) and then examine
the best value it can have, which is obtained when the
cooling and the accompanying processes are reversible,
i.e., the entropy production vanishes. The power(s) ob-
tained in such a process is (are) unfortunately vanish-
ingly small. Nonetheless, it is instructive to investigate
these upper limits that are the target of many studies
in thermoelectricity (an example is the proposal of Ref.
1). More realistic configurations and the corresponding
coefficients of performance will be considered in Sec. V.
(a) As in Sec. II, the L−electronic terminal can be
cooled by investing power extracted from the thermal
terminal and an electric power. The COP of this process,
denoted ηa, is the ratio of the thermal power gained and
the two invested powers,23
ηa =
JQL
|e|JLV + JQT
. (23)
The COP attains its highest possible value in a reversible
process, for which the entropy production vanishes. In-
deed, upon using Eq. (19) for ∆S˙ = 0 we find that in a
reversible process
ηreva =
1
(TR/TL)− 1
× |e|JLV + [1− (TR/TT )]J
Q
T
|e|JLV + JQT
.
(24)
When the electric power vanishes Eq. (24) reproduces the
COP of the ‘cooling-by-heating’ process in the reversible
limit,8 given in Eq. (3), while in the more mundane sce-
nario of cooling by investing only electric power, the COP
is ηcbe given by Eq. (2).
Obviously, when the entropy production vanishes (or
is rather small) the cooling-by-heating process is less ef-
fective than cooling by electric power; the joint three-
terminal COP lies in-between these two limits,
ηcbh < η
rev
a < ηcbe . (25)
The best performance in a reversible process is thus
reached upon cooling by investing electric power. How-
ever, as compared to the reversible cooling-by-heating
option proposed by Cleuren et al.8 for which the electric
voltage vanishes, investing electric power in addition to
the thermal one improves the COP. As mentioned, the
three-terminal arrangement also extends the range of the
‘working condition’23 of the device as compared to a two-
terminal setup, see Sec. V.
(b) The left electronic terminal is cooled and at the
same time electric power is being produced. Accordingly,
the ratio between the powers gained to that invested, i.e.
the COP ηb, is
ηb =
JQL + |eV JL|
JQT
. (26)
When the process is reversible the COP of this process is
ηrevb =
(
1− TR
TT
) JQL + |eV JL|
JQL [(TR/TL)− 1] + |eV JL|
. (27)
We see that the reversible value of the COP when the
voltage vanishes is given by Eq. (3). On the other hand,
if the electronic left bath is not cooled at all, then the de-
vice works as a ‘solar cell’ (in the case where the thermal
terminal is the sun), yielding electric power in response to
the temperature difference between the electronic system
and the thermal terminal. The best value of the COP for
this configuration is the textbook Carnot efficiency ηC
ηC = 1− TR/TT . (28)
As in case (a) above, ηrevb is bounded in-between its two
limiting values. But in contrast to case (a), which of
the two is the bigger and which is the smaller depends
on the temperature difference across the electronic reser-
voirs. When that temperature difference is significant,
(TR/TL)− 1 > 1, i.e., ηcbe < 1 [Eq. (2)] we find
ηC > η
rev
b > ηcbh , ηcbe < 1 . (29)
When the temperature difference across the electrons is
small then the inequality is reversed, i.e.,
ηcbh > η
rev
b > ηC , ηcbe > 1 . (30)
At the crossing point, ηcbe = 1, ηcbh = ηC, and the two
bounds merge. Examining Eqs. (29) and (30), we see
that when ηcbe < 1 it “pays” to produce work (or power)
in addition to cooling, while in the reverse case it does
not.
IV. AN EXAMPLE OF A THREE-TERMINAL
THERMOELECTRIC DEVICE
In order to consider the coefficients of performance
away from reversibility one needs to invoke a specific
system and find for it the currents flowing in the setup
in response to the driving forces. In the linear-response
regime the relation between two vectors, the one of the
currents and the one of the driving forces [cf. Eq. (19)
and the discussion around it] can be written in a matrix
5form 
|e|JL
JQL
JQT
 = 1TRM

V
−[(TR/TL)− 1]
1− (TR/TT )
 , (31)
where the (3×3) matrix M comprises the transport co-
efficients. Within the linear-response regime M does
not depend on the driving forces and is determined by
the thermal-equilibrium properties of the setup. It then
obeys the Onsager relations; for instance, for a system in-
variant to time-reversal–the case studied here–M is sym-
metric. One notes that the matrix M is nonnegative
definite, to ensure the positiveness, or vanishing, of the
entropy production ∆S˙, Eq. (19). The matrix M may
be singular, for example, when the first two rows are pro-
portional to one another and then the two corresponding
currents (for example, the electronic charge and thermal
currents) are proportional to each other. This special sit-
uation, which was termed by Kedem and Caplan2 ‘strong
coupling’, is also behind the mechanism of Mahan and
Sofo,1 involving transport in a very narrow energy band.
This yields high values of the COP. In the case of Ref.
1, each transferred electron carries the same energy and
heat. We will come back to this point below. It can
also happen that the third row is also proportional to
the first one and then all the three currents, in the three-
terminal case, are proportional to each other, which may
be termed ‘full strong coupling’. The proportionality co-
efficients are determined by the specific model at hand.
We obtain the transport coefficients, i.e., the matrix
M, for the two-level model of Ref. 11, depicted in Fig.
2. The model exploited in Ref. 8 has two such two-
level pairs, whose effects add in the cooling and sub-
tract in the electrical current, causing the latter to van-
ish. The setup displayed in Fig. 2 models a small one-
dimensional nanosystem in which thermoelectric trans-
port takes place mainly via inelastic phonon (or, more
generally, boson) assisted hopping, i.e., it is assumed that
this inelastic hopping is the strongly-dominant electronic
channel. This will be the case for temperatures above
a certain threshold temperature, denoted in Ref. 11 by
Tx. Below that temperature the transport is dominated
by the elastic tunneling conductance. By equating the
latter to the boson-assisted hopping conductance, one
finds that Tx is determined by the energies E1 and E2
of the localized levels, times the ratio of the localization
length of the wave functions there to the junction lin-
ear dimension.11 Any relevant inelastic transmission will
be exponentially small when the temperature approaches
zero. As in previous publications on this issue8 we dis-
cuss noninteracting quasiparticles. The main effect of
the interactions is expected to be a renormalization of
the model parameters, e.g., changing the energies E1 and
E2 (see Fig. 2) as in the theory of Pollak
24 and Efros-
Shklovskii25 for the density of states.
In the two-level model of Ref. 11 the transfer of the
ΜL
ΜR
TL
TR
TT
E1
E2
FIG. 2: (Color online) Two electronic reservoirs are charac-
terized by their respective electrochemical potentials, µL and
µR, and temperatures, TL and TR. The electronic transport
between the two is accomplished via the two localized lev-
els of energies E1 and E2 that are well-coupled (elastically)
each to its nearby reservoir. The left reservoir is cooled, i.e.,
TL < TR. The thermal reservoir (held at temperature TT )
supplies the required energy for the transport.
charge carriers in-between the left and right electronic
terminals takes place via two localized levels, of energies
E1 and E2(> E1 for concreteness). For instance, for an
electron transferred from left to right, the boson bath
gives an energy −E1 (E2) to the left (right) lead and
thus the bosons transfer the energy
ω = E2 − E1 (32)
to the electrons. A net energy of
E =
1
2
(E1 + E2) (33)
is transferred across the electronic system, from left to
right. It follows that (see Ref. 11 for the details of the
calculation), barring for the time-being any heat conduc-
tion by phonons present in the system, the electronic
heat current is JQL = EJL and the heat current flow-
ing between the thermal bath and the electronic system
is JQT = ωJL. The particle current JL is proportional
to the hopping conductance of the device. Thus, when
phonon conductances are ignored, the setup is in the ‘full
strong-coupling limit’,2 the matrixM is singular, and the
entropy production vanishes.
In reality, the above picture has to be generalized by
adding the elastic electronic transmission and, more im-
portantly, the phonon heat conductances: The heat cur-
rent JQL should be augmented by the phonons’ heat flow
between the two electronic terminals, and the current JQT
by the phonons’ flow between the boson bath and the
electronic terminals.26 We denote the phonon heat con-
ductance of the electronic system by KP, and between
the electronic system and the thermal terminal by KPP.
For simplicity, we confine ourselves to the regime where
the elastic transport of the electrons may be ignored.11
Under these circumstances, the matrix M giving the re-
lations among the currents and the driving forces [see Eq.
6(31)], is
1
TR
M = Gin
 1 E/|e| ω/|e|E/|e| (E/e)2 Eω/e2
ω/|e| Eω/e2 (ω/e)2

+
 0 0 00 KP 0
0 0 KPP
 . (34)
Here Gin is the hopping conductance of the electronic
junction. The first term on the right-hand side of Eq.
(34) contains the strongly-coupled part of the transport
matrix. The second term there, describing the parasitic
phonon conductances KP and KPP, spoils this ‘strong
coupling’ property.
The working condition23 for cooling the left electronic
terminal requires that the heat current emerging from it
be positive. In our model, this amounts to
|e|V
E
−
(TR
TL
− 1
)
+
ω
E
(
1− TR
TT
)
≥ e
2KP
E
2
Gin
(TR
TL
− 1
)
.
(35)
Note that the phonon thermal conductance on the right-
hand side, KP, is scaled by the “bare” electronic thermal
conductance of the junction, GinE
2
/e2 [the transport co-
efficient contained in the 22−element of the matrix M,
see Eq. (34)].
It is illuminating to re-examine the entropy production
Eq. (19) in the framework of our model in conjunction
with the working condition for cooling the left electronic
terminal. Using Eq. (34) in the relation (31), and insert-
ing the resulting currents into Eq.(19) yields
TR∆S˙ =
Gin
e2
[
|e|V − E
(TR
TL
− 1
)
+ ω
(
1− TR
TT
)]2
+KP
(TR
TL
− 1
)2
+KPP
(
1− TR
TT
)2
. (36)
As might have been expected, the “parasitic” heat flows
carried by the phonons [the last two terms in Eq. (36)]
make the entropy production positive and the ther-
moelectric transport irreversible. When these are ig-
nored (or are very small) and our setup approaches the
strong-coupling limit then the cooling process will be re-
versible provided that |e|V/E−[(TR/TL)−1]+(ω/E)[1−
(TR/TT )] = 0, i.e., when the heat flowing out of the left
electronic terminal vanishes. In other words, when the
cooling process is reversible it yields, as is always the
result, zero output power.
V. IRREVERSIBLE COEFFICIENTS OF
PERFORMANCE
Exploiting the transport coefficients of the specific de-
vice described in Sec. IV, the electric current leaving the
left terminal is
|e|JL =
GinE
|e|
[ |e|V
E
+ 1− TR
TL
+
ω
E
(
1− TR
TT
)]
. (37)
Likewise, the electronic heat current from that terminal
is
JQL =
E
|e| (|e|JL)−KP
(TR
TL
− 1
)
. (38)
The working condition for the left terminal to be cooled
is the positiveness of JQL ; therefore JL is necessarily pos-
itive. This means that as long as the bias voltage is
positive, electric power is being invested in the system,
while when V is negative (i.e., the electric current flows
against the voltage) the device produces electric power.
Thus, the COP is given by ηa, Eq. (23), when the voltage
is positive and by ηb, Eq. (26), when it is negative.
Adding the expression for the heat current leaving the
boson bath
JQT =
ω
|e| (|e|JL) +KPP(1−
TR
TT
) , (39)
we find that the COP’s of our system are
ηa =
B − κP(TRTL − 1)
|e|V+ω
E
B + κPP(1− TRTT )
(40)
for V ≥ 0, and
ηb =
(1− |e|V
E
)B − κP(TRTL − 1)
ω
E
B + κPP(1− TRTT )
(41)
for V ≤ 0. Here we have introduced for brevity the
notation
B =
|e|V
E
+ 1− TR
TL
+
ω
E
(1− TR
TT
) ≡ e
2JL
GinE
, (42)
and measured the phonon conductances in terms of the
bare electronic heat conductance,
κP = e
2KP/(E
2
Gin) , κPP = e
2KPP/(E
2
Gin) . (43)
Note that the bias should exceed a certain threshold, Vc,
dictated by the working condition Eq. (35),
|e|Vc
E
=
(TR
TL
− 1
)
(1 + κP)−
ω
E
(
1− TR
TT
)
. (44)
As mentioned, joint cooling and energy harvesting re-
quires negative values of the bias voltage, and hence neg-
ative values of the threshold Vc; a large enough phonon
conductance KP (the actual value depends on the model
parameters) will therefore prevent such a combined ac-
tion.
It is illuminating at this point to consider the ther-
modynamic limit of the efficiency ηb, Eq. (41). Setting
7FIG. 3: (Color online) The slanted (blue) line is thermody-
namic efficiency of a three-terminal junction, Eq. (45), as a
function of (TR/TL)−1 for κP = κPP = 0, (TR/TL)−1 = 1.75
and ω/E = 2. The horizontal (orange) line is ηC , Eq. (28);
the curved (green) line is ηcbh, Eq. (3); the latter two repre-
sent the bounds Eqs. (29) and (30).
the thermal conductances to zero implies that the bias
voltage is Vc, Eq. (44), and then
ηrevb =
E
ω
[
1−
(TR
TL
− 1
)
+
ω
E
(
1− TR
TT
)]
, (45)
with (TR/TL) − 1 ≤ (ω/E)[1 − (TR/TT )] to ensure the
negativeness of Vc. We plot in Fig. 3 this COP, together
with the two bounds found in Sec. III on it; indeed,
the model-dependent ηrevb of Eq. (45) lies in-between the
bounds (29) and (30), which interchange their respective
roles at TR/TL = 2. Varying the model parameters does
not change the figure qualitatively. As noted after Eq.
(13), the reversible efficiency increases upon generating
both cooling and electrical work (i.e., increasing w) when
ηcbe < 1 and decreases when ηcbe > 1.
The figures below display the COP’s ηa and ηb as func-
tions of the bias voltage, the former for positive values
of the bias voltage and the latter for its negative values,
as explained in Sec. III, see Eqs. (23) and (26). In
all figures the temperature difference between the elec-
tronic L and R terminals is kept constant, chosen to be
TR/TL = 3/2 and yielding ηcbe = 2 for the Carnot coef-
ficient of performance for refrigeration by investing work
in a two-terminal setup [see Eq. (2) and the discussion in
Sec. II]. The various curves in each figure are for differ-
ent values of 1− TR/TT (explicit values are given in the
captions). The parasitic phonon conductances [in dimen-
sionless units, see Eqs. (43)] of the electronic junction
(κP) and between the electronic system and the thermal
terminal (κPP) are taken to be equal for definiteness and
decrease from 4 to 0.2, whereupon the COP increases.
In all three figures we see that the ‘working regime’, i.e.,
the voltage range over which cooling is possible, increases
with the driving force of the thermal terminal 1−TR/TT ,
namely the threshold Vc decreases.
Figure 4 is for κP = κPP = 4; cooling exists only be-
yond a positive threshold of the bias voltage [see Eq.
(44)], so no joint cooling and energy harvesting is possi-
ble. However, that is already possible for κP = κPP = 2,
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FIG. 4: (Color online) The efficiency of a three-terminal junc-
tion as a function of |e|V/E for various values of 1− TR/TT ,
and κP = κPP = 4, (TR/TL)−1 = 0.5 and ω/E = 2. The vari-
ous curves in the upward direction are for 1−TR/TT = 0 [the
lowest solid (purple) line], 0.25, 0.5, 0.75 and 1 [the upper
dotted (magenta) curve].
as shown in Fig. 5. Very interestingly, the COP increases
with decreasing V < 0 and has a small peak, which is yet
smaller than the one for V > 0. What is, seemingly,
most surprising is that for even smaller parasitics, e.g.,
κP = κPP = .2 (Fig. 6), still away from the reversible
limit, the values of the COP at V < 0 can be substan-
tially larger than those for V > 0. This means that
harvesting energy may actually increase the COP com-
pared to investing energy, a truly remarkable property of
the three-terminal setup!
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FIG. 5: (Color online) The efficiency of a three-terminal junc-
tion as a function of |e|V/E for various values of 1− TR/TT ,
and κP = κPP = 2, (TR/TL)−1 = 0.5 and ω/E = 2. The vari-
ous curves in the upward direction are for 1−TR/TT = 0 [the
lowest solid (purple) line], 0.25, 0.5, 0.75 and 1 [the upper
dotted (magenta) curve].
The tendency of the efficiency to increase with the ab-
solute value of the voltage for small negative values of it
is exemplified by Figs. 7 which display ηb, Eq. (41), as
a function of (TL/TR)− 1 for negative values of the volt-
age. It is seen that indeed ηb increases as the absolute
value of V increases. However, because of the condition
Eq. (44) necessary for the device to operate, the range
of temperature differences between the thermal terminal
and the electrons is reduced as well. The various curves
in each of the panels in Figs. 7 correspond to different
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FIG. 6: (Color online) The efficiency of a three-terminal junc-
tion as a function of |e|V/E for various values of 1− TR/TT ,
and κP = κPP = 0.2, (TR/TL) − 1 = 0.5 and ω/E = 2. The
various curves in the upward direction are for 1− TR/TT = 0
[the lowest solid (purple) line], 0.25, 0.5, 0.75 and 1 [the up-
per dotted (magenta) curve].
values of 1 − TR/TT . As |V | is increased, the working
condition Eq. (44) allows only for TR−values which are
closer and closer to TT .
VI. SUMMARY AND CONCLUSIONS
We have analyzed the efficiency of two cooling pro-
cesses possible in a mixed three-terminal thermoelectric
junction, comprising two electronic terminals that inter-
change energy with a third, thermal contact. For con-
creteness, we have concentrated mainly on the possibility
to cool one of the electronic terminals, either by investing
thermal energy extracted from the thermal terminal and
electric power supplied by a bias voltage on the electrons,
or by exploiting the thermal energy of the boson bath
to cool the electronic terminal and to produce electric
power. (Cooling of the thermal contact has been men-
tioned in Sec. II.) We have found that one advantage of
the three-terminal setup compared with the two-terminal
one is the increase in the working regime of the device.
In our case, this is manifested by the extended range of
bias-voltage values for which cooling is possible. This
increase is dominated by the parasitic phonon conduc-
tance; in our case it is the phonon conductance, KP, of
the electronic junction, which should not be too large.
With a suitable choice of KP the threshold of the volt-
age becomes negative, and then the three-terminal setup
cools and at the same time, produces electric power. In
our model system, we find that the COP for this dual
action can be enhanced compared with its value (for the
same parameters) obtained when the device works just
as a refrigerator. This enhancement, necessitating not-
too-large parasitic thermal conductances, should become
huge when the cooling is for a small cooling temperature
increment, TR − TL << TL.
FIG. 7: (Color online) The efficiency ηb as a function of the
temperature difference across the electronic system, for var-
ious values of the temperature difference between the ther-
mal reservoir and the electrons, 1 − (TR/TT ) = 0.25, the
dashed (brown) curve, = 0.5, the dotted (magenta) curve,
= 0.75, the solid (green) line and = 1., the dashed (blue)
curve. The upper panel is for |e|V/E = −0.1, the middle one
is for |e|V/E = −0.5, and the lower panel is for |e|V/E = −1.
The working condition Eq. (44) is not fulfilled for all values
of 1 − (TR/TT ) = 0.25 and therefore some of the curves are
missing in the two lower panels. Here κP = κPP = 0.05, and
ω/E = 2.
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